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Ever since Zabusky and Kruskal [1] developed the leapfrog scheme to solve the Korteweg-de Vries 
(KdV) equation 
Ou 
0~ + eux~ + uu~ = 0, (1.1) 
with periodic boundary condition 
u(x+2,t) =u(x,t), (1.2) 
a large number of numerical methods for the KdV equation have been proposed, such as finite- 
difference methods, finite-element methods, and Fourier spectral methods. Although it seems 
~:hat Fourier spectral methods are better suited to obtain accurate soliton solutions of the KdV 
~quation, difference methods are still competitive, because they are easy to operate and are 
adapted to calculate the steep crests. However, some difference solutions often exhibit nonlinear 
numerical instability, namely, amplitude blow-up or unphysical oscillations, when a long-time 
integration is made [2-5]. 
Problem (1.1),(1.2) has infinitely many invariants, and the first three of these are 
C1 = udx,  C2 = -~u dx, and C3 = ~u z -  u 3 dx, (1.3) 
where C3 is called the higher-order invariant because it includes the derivative term. The differ- 
ence schemes developed previously preserve at most the first two discrete invariants, and cannot 
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prevent chaotic oscillations from occurring [5]. The question is whether or not a scheme that 
preserves the higher-order discrete invariant is much better from a numerical point of view. 
In this paper, a new scheme with a higher-order discrete invariant is proposed. This scheme is 
unconditionally inearly stable and has a truncation error of order O(T + h2). By comparing this 
scheme with certain other known schemes, we may show that the new scheme is more effective 
in restraining the nonlinear numerical instability. 
2. THE NEW DIFFERENCE SCHEME 
Let us apply the following implicit scheme to approximate the KdV equation (1.1): 
n + ~ + 2A (v~ +(W2))2- 1 (n  n+l] vgt eAoA+A-v j  +(x/2) -~ o -.~n 0~vj vj ] O. (2.1) 
Here v7 +(1/2) = 1/2(v~ +1 + v}~), A0, A+, and A_ denote, respectively, the centered, forward, 
and backward ifference quotient operators with respect o the space variable x, and "t denotes 
the forward difference quotient operator with respect o the time variable t, i.e., 
1 
AoU 3 : ~-~ (V3+1- V~_I) , 
and 
1 vn  n 
P '+v~ = -i ( 5+, - v~ ) , 
T J -- Vj , 
n A_v7 = ~ (v~ - v~_l),  
where h and T are, respectively, the space and time mesh size, and Jh = 2. It is easy to verify 
that scheme (2.1) is of order O(T + h2), and is unconditionally stable according to linear analysis. 
Corresponding to the continuous case, the first three discrete invariants may be assumed to 
take the following forms: 
J 
J J l n  2 [ --1 n31 
j=l j=l = 
Under the periodic boundary condition, the inner product of the discrete functions {uj } and {vj } 
is defined as (u, v) g = ~-~j=l ujvjh. And they satisfy the following relations: 
(A+u,v) = - (u, A_v),  (2.3) 
(A0u, v) = - (u, A0v).  (2.4) 
By relations (2.3) and (2.4), it can be proved that scheme (2.1) preserves the first and third 
discrete invariants. 
The conservation of C~ is obtained easily. Now let us prove that C~ = const. Multiplying 
(2.1) by A+A_v~.+(1/2)h and summing up for j from 1 to J, using formulas (2.3) and (2.4), we 
get 
± (ll +vo+ ll _ llA+v°ll 
27 (2.5) 
1 :o  
Noticing that 
multiplying (2.1) by [4(v~+0/2)) 2 - vTv'~+l]h and summing up for j = 1, . . . ,  J, we further get 
1 (v2+1) 3 - Z (v]) 3 h 
T 
j=l j=a (2.6) 
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Making a composition of form e.  (2.5) - (1/6) • (2.6), we have C~ +1 = C~. This implies that 
scheme (2.1) conserves the third discrete invariant. 
To implement scheme (2.1), the following iterative method will be used for s = 0, 1, 2, • 
~(s+l) n 2 [Vn(S)+l/2~21 J 7"-- yj -Jr- cAoA+A_v~ (s+1)+1/2 + ~A0 \ j  ] - ~A0 (vnv!S)~\ 3 j ] 0, 
where v~ (s)+1/2 = 1/2(vJ s) + v~), V s, and {v~ s) } denotes the s th step iterative value. 
3. NUMERICAL  EXPERIMENTS 
In this section, the following difference schemes are applied to problems (1.1),(1.2) subject to 
the initial condition u(x, 0) = 2.5 cos(zrx). 
1. Scheule (2.1). 
2. The existing scheme 
n 1 ( +(,/2))2 ~ Vjt 4-C/~O/~+A_V~ +(1/2) Jr- 5A0 V2 -~- V] +(1/2) A0y} '+(1/2) = 0, (3.1) 
which conserves the first two discrete invariants C~ and C~. 
3. The leapfrog scheme due to Zabusky and Kruskal [1]. 
4. A scheme suggested by Goda [6]. 
Here we take e = 0.484 x 10 -a, h = 2/200, and T = 5 x 10-4/7r. 
At first, we observe the discrete invariants obtained by the above schemes. The first three exact 
invariants of the differential equation are C1 = 0, C2 = 3.125, and C3 = 257r2e/8 = 0.014927. 
The numerical results show that by scheme (2.1), the first and third discrete invariants are 
preserved very well, which is consistent with our theoretical analysis. For 0 _< 7rt <_ 19.8, they 
are IC~I < 10 -7 and IC~ - 0.0149271 < 10 -5. Tile second one, C~, involves a smaller error, the 
relative error of which is about 3%. By scheme (3.1), the first two discrete invariants are indeed 
kept very well. They are IC[~[ < 10 -7 and IC~ ~ - 3.1251 < 10 -7 . But the third one leads to a 
much larger error, which is expressed by Figure 1. Also, both the leapfrog scheme and the Goda 
scheme conserve neither the second nor the third. 
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Figure 1. Time evolution of the third discrete invariant based on scheme 3.1. 
"VVe shall now study the numerical solutions as calculated by the above schemes. 
Figure 2 expresses the temporal wave forms at t = 0.7/re by the above schemes. It can be: seen 
that there are hardly any differences. It was found that the leapfrog scheme leads to amplitude 
blow-up at t = 3.9/~r. Figures 3 and 4 display the numerical solutions at t = 19.8/zr, in which 
the spurious high-frequency oscillations take place as a result of using the Goda scheme and 
scheme (3.1). 
From the above numerical experiments, it is concluded that, to prevent amplitude blow-up 
or unphysical oscillations, it is important for the difference scheme to maintain the higher-order 
discrete invariant. 
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